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By using a so-called extended double (ED)-complex method, the previously found
doubleness symmetry of the dimensionally reduced Einstein—-Kalb-Ramond (EKR)
theory is further exploited. A 2d X 2d matrix double-complex H-potential is con-
structed and the field equations are written in a double-complex formulation. A pair
of ED-complex Hauser—Ernst-type linear systems are established. Based on these linear
systems, explicit formulations of new double hidden symmetry transformations for the
EKR theory are given. These symmetry transformations are verified to constitute double

infinite-dimensional Lie algebras, each of which is a semidirect product of the Kac—

Moody o(d,d) and Virasoro algebras (without center charges). These results demon-
strate that the EKR theory under consideration possesses richer symmetry structures
than previously expected, and the ED-complex method is necessary and more effective.
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1. Introduction

Owing to their importance in theoretical and mathematical physics, the studies of
symmetries for the dimensionally reduced low energy effective (super)string theories
have attracted much attention in the recent past (see e.g. Refs. 1-26). Such effective
string theories describe various interacting matter fields coupled to gravity, the
effective heterotic string theory describing the Einstein and Kalb—-Ramond (EKR)
fields'®16 is a typical model of this kind. Some symmetries for the EKR theory
have been found and some analogies between it and the reduced vacuum Einstein
theory have been noted. However, many scalar functions in pure gravity correspond,
formally, to matriz ones in the EKR theory, thus the noncommuting property of
the matrices gives rise to essential complications for the further study of the latter.
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Moreover, some particular relations, such as for any 2 x 2 matrix A: ATed =

(det A)e, ATe + €A = (tr A)e (With €= (_(1) é)) have no general analogues for

higher-dimensional n x n (n > 3) matrices, while these relations are useful and
important in some studies of the reduced vacuum gravity (e.g. Refs. 27-31). Since
in the studies of the EKR theory, we deal mainly with 2d x 2d function matrices
and in general d > 2, so some deeper researches and further extended studying
methods are needed.

The present paper is a continuation of our previous paper.?6 In this paper, by
using a so-called extended double (ED)-complex function method,3? the previously
found doubleness symmetry2® of the EKR theory is further exploited. A double-
complex 2d x 2d matrix H-potential is constructed and the motion equations are
extended into a double-complex form in terms of this H-potential. Moreover, we
further find that a pair of ED-complex Hauser—Ernst (HE)-type linear systems can
be established, and based on these linear systems, new infinitesimal double sym-
metry transformations for the EKR theory are explicitly constructed. Then these
symmetry transformations are verified to constitute double infinite-dimensional Lie
algebras, each of which is a semidirect product of the Kac-Moody o(/d,\d) and Vira-
soro algebras (without center charges). These results demonstrate that the theory
under consideration possesses richer symmetry structures than previously expected,
and the ED-complex method is necessary and more effective.

In Sec. 2, some related concepts and notations of the ED-complex functions?
and the double-complex matrix Ernst formulation of the EKR field equations2® are
briefly recalled. In Sec. 3, a double-complex matrix H-potential is constructed and

2

a pair of ED-complex HE-type linear systems are established. In Sec. 4, by virtue of
these linear systems, we give explicit expressions of some infinitesimal double trans-
formations for the studied theory and then verify that these transformations are all
double hidden symmetries of the EKR theory. The double infinite-dimensional Lie
algebra structure of these hidden symmetries is calculated out in Sec. 5. Finally,
Sec. 6 gives some summary and discussions.

2. ED-Complex Function and Double-Complex Matrix Ernst
Equations of the EKR Theory

For the later use, here we briefly recall some related concepts and notations of the
ED-complex function®? and the double-complex matrix Ernst formulation of the
EKR field equations.?8

2.1. ED-complex function>?

Let i and J denote, respectively, the ordinary and the ED imaginary unit. We shall
concern ourselves mainly with some special values of J, i.e. J = j (j2 = —1, j # =+i)
or J =¢ (62 = +1, € # £1). If a series > .- |as|, an € C (ordinary complex

number) is convergent, then a(J) = > "> ; a,J*" is called an ED ordinary complex
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number, which can correspond to a pair (ac,ap) of ordinary complex number,
where a¢ := a(J = j), ag := a(J = &). When a(J) and b(J) both are ED ordinary

complex numbers,
e(J)=a(J)+ Jb(J) (2.1)

is called an ED-complex number, it can correspond to a pair (cc, cir), where c¢o =
e(J = j) = ac + jbe, cg = c(J = ¢) = ag + eby. If a(J) and b(J) are real,
we call them double-real and call the corresponding ¢(J) simply a double-complex
number.?3

We would like to point out that, from the above definitions, J should be taken as
an indeterminate rather than a discrete variable. The ED-complex method can be
regarded as some “deformation” theory, in which J plays the role of “deformation
parameter” (or analytical link, cf. Ref. 33 for nonextended case). By doubleness
symmetry we in fact mean the symmetry property of the considered theory under
this “deformation.” We call it an ED-complex method only because in most of its
applications (e.g. in the present paper) we are mainly interested in the cases of
J=jand J =¢.

All ED-complex numbers with usual addition and multiplication constitute a
commutative ring. Corresponding to the two imaginary units J and ¢ in this ring, we
have two complex conjugations: ED-complex conjugation “x” and ordinary complex
113 .

conjugation

() :=a(J)— Jb(J), e(J) :=a(J) +Jb(J) . (2.2)
These imply that J* = —J, J = J, i* = i, i = —i. If a(J) and b(J) are ED
ordinary complex functions of some ordinary complex variables zi,...,2,, then
(21, yzn; ) =alz1,. .y 20 J) + Jb(21, . . ., 2n; J) is called an ED-complex func-
tion. We say c¢(z1, .. ., zn; J) to be continuous, analytical, etc. if a(z1, ..., z,; J) and
b(z1,...,2n;J) both, as ordinary complex functions, have the same properties. We

also need ED-complex (function) matrices, and for an ED-complex matrix W (J),
we define

WD) =W ()", (2.3)

“T” denotes the transposition.

2.2. Double-complex matrix Ernst formulation of the
EKR field equations?°

We start with the action describing a system arising in the low energy limit of
heterotic string theory as

1
S = / [72 +GMN 9 POND — 5 HuntHMNE | e=® /|G|d3 T2, (2.4)
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where R is the Ricci scalar for the metric Gy (M, N =0,1,...,24d), ® is the
dilaton field and

Hynr = OBy + cyclic, (2.5)

while By is antisymmetric Kalb—Ramond field and H sy is called nondualized
axion field.

According to Maharana and Schwarz! and Sen,?? when dimensionally reduc-
ing from 3 + d to 3 dimensions by compactification on a d-dimensional torus, one
can obtain “three-dimensional fields” G..n, Bmn, @, Affl), g and By, (m,n =
1,2,...,d; p,v=0,1,2; a =1,2,...,2d) through the relations

Gmn - gm+2,n+2 5 an - Bm+2,n+2 5 Guv = g;u/ - Gmngm+2,,ugn+2,1/ 5
Al = 3G Gnia Ald+m) — 3G Buiau — G "B, A

i

(2.6)
By = By — 44T B AT — 2 (Agm>GmnA£d+"> - A(Vm)GmnALd*”)) ,

1
¢:<I>—§lndetG,

and express the reduced theory in terms of these fields. In (2.6), G™" denotes the
inverse of the matrix G,,, and ¢ is called a shifted dilaton field. In the present
paper, motivated by Ref. 15, we take the ansatz

g;;,,n+2 = Bu,n+2 =0; gb =0. (27)

From Egs. (2.6), the conditions (2.7) lead further to Agl) =0 (a=1,2,...,2d),
and it can be seen that such restrictions do not provide any further constrains
on the remainder field variables. Noted the absence of the gauge vector fields and
the shifted dilaton field, we call the model under consideration as Einstein—Kalb—
Ramond (EKR) theory.

Following Ref. 15, we now consider the time-independent field configurations of
the above EKR theory with axisymmetry, in which the three-dimensional metric
can be parametrized as

ds? = p?da® da® — 6 pda?t dzP, A, D=1,2. (2.8)

After reducing to this case and using the fact that the antisymmetric tensor field
B,,, have no dynamics in two dimensions, in addition to the above metric fields,
the set of nontrivial EKR dynamical quantities also contains G := {Gn,} and
B := {B,n} (both denoted by d x d matrices), and all of these fields are assumed

1

to depend only on z!, 22. For simplicity, we denote 2!, 22 by z, y in the following.

In terms of these, the essential dynamical equations of the EKR theory can be

written as!®

d(pG~'*dBG™Y) =0, d(p*dGG' —pBG'*dBG ') =0, (2.9
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and p = p(z,y) > 0 is a harmonic function in two-dimensional {z,y}. Where

Wy

the notations of differential form are adopted, “x” is the dual operation of two-
dimensional Euclidean space, and from (2.6) the real matrices G and B satisfy

G'=G, B'=-B. (2.10)

Moreover, according to the Einstein equations!®34 the field v(z,y) in (2.8) can be
obtained by a simple integration provided GG, B are known, so we shall focus our
attention on Egs. (2.9) in the following.

As pointed out in Ref. 26, the EKR theory under consideration possesses a
so-called doubleness symmetry such that Eqgs. (2.9) can be extended into a double-
complex matrix Ernst-like formulation:

p td(p*dE(J)) = dE(J)G(J)" ' *dE(J), (2.11)

where E(J) = G(J) + JB(J) (with G(J)T = G(J), B(J)T = —B(J) both are
double-real d x d matrices) is called a matrix double-complex Ernst-like potential
of the EKR theory, and the wedge symbol “A” in exterior products of differential
forms is omitted for simplicity. If a solution E(J) of Eq. (2.11) is known, we can
obtain a pair of real solutions of the EKR theory.

3. Double-Complex H-Potential and ED-Complex HE-Type
Linear Systems

We introduce a double-real 2d x 2d matrix function M (J) = M(z,y;J), which
satisfies

M(NT = M(J), (3.1a)

M(T)nM(J) = =J*p*n, (3.1b)

= (I(l I(;l) , (3.1¢)

where I is the d-dimensional unit matrix. Taking the decomposition of M (J) as

_ G(J) —-G(J)B(J)
()= <B(J)G(J) —B(J)G(J)B(J) — J2p2G(J)—1> ’ (3:2)
then Eq. (2.11) can be equivalently written as
d(p™*M(J)n*dM(J)) =0. (3.3)

According to the spirit of Ref. 26, if a solution of Eq. (3.3) with conditions (3.1) is
known, then by the decomposition (3.2), we can obtain real solutions of the EKR
theory in pairs as follows:

(G,B) = (T(Gc), Be), (3.4a)
(G,B) = (Gu,Vay (Br)) . (3.4b)
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where the transformations T', V' are defined by

T: G — T(Q)=pG1,
(3.5)
V: G,B—VgB)= /pG—l(ayB)G—l dr — pG~1(0,B)G ™' dy,

and the existence of Vg, (Bp) is ensured by the J = € case of Eq. (3.3).
Obviously, Egs. (3.3) and (3.1) are invariant under the global transformations:
M(J) — PTM(J)P, P € O(d,d). Of course, also as will be seen in the follow-
ing, the symmetry structures of the considered EKR theory are very much richer
than this.

Equation (3.3) implies that we can introduce a double-real 2d x 2d matrix twist
potential Q(J) = Q(x,y; J) such that

dQ(J) = —p~ M (J)n*dM(J). (3.6)
Using (3.1), we obtain from (3.6)
dM(J) = —p T2 M (J)n*dQ(J). (3.7)
Now introducing a 2d x 2d matrix double-complex H-potential
H(J):=M(J)+JQ(J) (3.8)

and denoting Q := Jn, then Egs. (3.6) and (3.7) can be equivalently written as a
single double-complex matrix equation

dH(J) = —p *M(J)Q*dH(J). (3.9)

Furthermore, from (3.1) and (3.6) we have d(Q(J) +Q(J) ") = 2J2 *dpn. Thus,
from the harmony of p(x,y), we can introduce another real field z = z(x,y) such
that *dp = dz and obtain Q(J) + Q(J)T = 2J2zn. These relations and Egs. (3.1),
(3.8) imply that we can express Eq. (3.9) as

2z + p*)dH(J) = (H(J) + H(J))QdH(J) (3.10)
with (3.1), this is equivalent to (3.3). In addition, from (3.10) we can obtain
dH(J)"QdH(J) =dH(J) Q*dH(J) =0. (3.11)
Now we introduce an ordinary complex parameter ¢ and define

A(t; J) =T —t[H(J)+ H(J)"]Q,

(I is the 2d-dimensional unit matrix) (3.12)

L(t;J) == tA(t)"tdH(J), (3.13)
A):=1-2t(z+p"), A@t)'=Xt)2[1 —2t(z —p*)], (3.14)
A(t) == [(1 = 22t)2 + (2pt)4] /2, (3.15)
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then Eq. (3.10) can be rewritten as
tdH(J) = A(t; HT(L; J) . (3.16)

From Egs. (3.11), (3.12) and (3.16), we can obtain dI'(¢; J) = I'(¢; J)QI'(¢; J), this
is just the complete integrability condition of the following ED-complex linear dif-
ferential equation:

dF(t; J) =T(t; H)QF (t; ), (3.17)

where F(t;J) = F(z,y,t; J) is a 2d x 2d ED-complex matrix function of z, y and ¢.

Equation (3.17) does not define F'(¢; J) uniquely, so we suppress some subsidiary
conditions consistent with above equations and the requirement that F(¢;.J) be
holomorphic in a neighborhood of ¢ = 0. From (3.16), (3.17) and the relation
2tA~1dz = —\(t)"1d\(t) we have

dF(0;0) =0, d[E(0;.]) — H(J)QF(0;.J)] =0,

AN F (D) QR )] =0, d[F(t ) QA I)E( )] =0,
where F(t;.J) := dF(t; J)/0t and the ED-Hermitian conjugation “+” is defined by
(2.3). These equations and (3.17) determine F(¢;.J) up to right-multiplication by

an arbitrary nondegenerate 2d x 2d matrix function of ¢, so we can use this freedom
and choose the integral constants consistently such that

F;J)=1, (3.18a)
F(0;J) = H(J)Q, (3.18b)

MO E(t; J)FQF(t;J) = Q, (3.19a)
Ft; )" QAL NF(t;J) = Q. (3.19b)

We call Egs. (3.17)-(3.19) an ED-complex HE-type linear system for the EKR
theory.

Besides, we can establish another ED-complex linear system of the EKR theory.
Now, for another ordinary-complex parameter w, we define

Aw; J) :==w — (H(J) + H(J)"Q,

(
) (
Aw) ==w—=2(z+p"), Aw)™" =Aw)?w-2(z-p")], (322
)= [(w—22)" + (20)7]"/2. (
Then Eq. (3.10) can be rewritten as
dH = A(w; J)T (w; J), (3.24)

by derivations similar to the above, we have

dF(w; J) = T(w; J)QF (w; J), (3.25)
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and require consistently that F (w; J) be analytic around w = 0 and satisfy
Mw)F (w; J)YQF (w; J) = Q, (3.26a)
F(w; J)TQA(w; J)F(w; J) = Q, (3.26b)

where F(w; J) = F(L y,w; J) is another ED-complex 2d x 2d matrix function of z,
y and w.

4. Parametrized Double Symmetry Transformations

By virtue of solutions F'(t;J), F(w;J) of linear systems (3.17)—(3.19) and (3.25),
(3.26), we can explicitly construct parametrized double symmetry transformations
for the EKR theory. At first, from definitions (3.8), (3.12)—(3.15) and (3.20)—(3.23),
we may consistently choose the ED-complex matrix functions F(¢;.J) and F(w; J) as

F(t;J) = F(t;J), F(w;J) = F(w; J) (4.1)

(i.e. the ED-real and imaginary parts of F(t;.J) and F(w;J) are double ordinary
real when ¢ and w are real) in order to ensure the reality of M (J) and Q(J) in the
transformed H (.J). We shall take this choice in the following.

We consider the following infinitesimal double transformation 6 = 6(1) of poten-
tial H(J):

SH(J) = —JQ%[F(Z; HTFE(;J)" = T]Q, (4.2)

where [ is a (finite) real parameter, F(I;J) is a solution of (3.17)—(3.19) with ¢
being replaced by I, T = T,a® € o(d,d) (the Lie algebra of the orthogonal group
0(d,d)), T, are generators of o(d,d), a® are infinitesimal real constants. Thus we
have relation

TTQ+QT =0. (4.3)

Now we prove that (4.2) is a hidden symmetry transformation of the double-
complex EKR motion equation (3.10) and conditions (3.1). First, from (4.2), (4.3),
(3.19a) and T+ = T'" in the real Lie algebra o(d,d), we have

SH(J)—dH(J)T = 42% [F(l; )TE(;J)" = T)Q

1
— JQYQ[F(Z; NPTTRG )T T

= fJQ%F(Z; NTF;T) QR 7)1t

+ Fl; ) YQF @ )T TR )T

= —J2¥)F(z; INTQ+QTF(I; )T =0. (4.4)
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From (3.8) and the definition of z(x,y), Eq. (4.4) implies that M (J)T = 6M(J)
and 6z = 0.
In addition, Egs. (3.8), (3.12) and (4.4) give M (J) = (J?/4l)[A(J)* — A(J)]Q
and 6M(J) = (1/2)[0H(J) + 6H(J) "], then from (4.2), (4.3) and (3.19b) we have
SM(J)QM(J) + M(J)Q0M(J)

= LR TFG )™ 4 QP Q)T F () TR) (AG) ~ AGY)
+ (AW) = AY) (PR DR )7+ QF 15.0) T T R0) )]0
_ Z_; [T2AF( DTF( )™ = J2F (s J)TE(J) 7 AG)*
= AWV QF ()T TR )T+ QF(50) T T R( ) TQA()] 2
= LR )T TR ) 4 OFE )T TR )

—AO?F(L; )TQF (L 0) " Q= AP NQTTF(;0)TQ)Q =0,  (4.5)
where the relations
A+ A =201 —212),  AWJ)AJ)* = \(1)? (4.6)

have been used. Equation (4.5) implies that, under the transformation (4.2), the
condition (3.1b) is preserved and Jp = 0.

Now we investigate the equation satisfied by dH(J). From (4.2) and (3.17), it
follows that d(6H) = —(J2/1)[T(1; J)Q, F(I; J)TF(l; J)~1€Q, this and (3.13), (3.10)
further followed by

2(z 4+ p*)d(SH(J)) = (H(J) + H(J)")Qd(SH(J))

—~

(H(J)+H)"QF(U; H)TE) D T). (4.7)

—] =

On the other hand, from (4.2), (4.3), (3.12), (3.16) and (3.19b) we have
(SH(J) +§H(J)")QdH(J)

= —‘Z]—S[F(z; NTFE; ) - QF ;)T 1T F; ) T1QAI )T )
= () + HO) )0, F5 T)TF )0 )

Substituting this into Eq. (4.7), we finally obtain
2(z 4 p")d(SH(J)) = (H(J) + H(J) " )Qd(SH(J)) + (SH(J) + 6H(J) " )QdH(J) .

(4.8
Equations (4.8) and (4.4), (4.5) show that H(J)+§H (J) with §H (J) given by (4.2)
satisfies the same Eq. (3.10) and conditions (3.1a), (3.1b) as H(J) does, i.e. (4.2
is indeed a double symmetry transformation for the EKR theory.
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Similarly, by using solution F(s;.J) of (3.25) and (3.26), we can construct
another parametrized double infinitesimal symmetry transformation of the EKR
theory as

6H(J) = J%s[F(s; J)TF(s;J)"! = T]Q, (4.9)

where s is a finite real parameter.

The set of symmetry transformations of the EKR theory can be further en-
larged. In addition to (4.2) and (4.9), we propose two other infinitesimal double
transformations

AH(J) = J?cF(l; J)F(l; J)~'Q, (4.10)

AH(J) = —J%es|sE(s; J)F(s; )~ + % Q, (4.11)

where [, s both are finite real parameters and o, € are infinitesimal real constants.
From (4.10) and (3.19a),

AH(J) = AH(J)Y = J2e[F(l; J)F(1; J) " 1Q 4+ QF (1 )Y LR )T

= —JQJ)\(Z)_lg)\(Z)Q

ol
2 20 2

=J NGE [2(1 —21z) — 21p]Q2, (4.12)
this and the definition of z(z,y) imply (AM(J))" = AM(J) and Az = NOE [2(1—

212) — 21p?].
Moreover, since M (J) = 3[H(J)+ H(J)*] and (AM(J))" = AM(J) by (4.12),

we have

AM(J) = %[AH(J) +AH(I)] = %[AH(J)* +FAHW)T], (4.13a)

[AM(J)QM(J) + M(J)QAM(J)]T = AM(J)QM (J) + M (J)QAM(J). (4.13b)
Thus from (4.13a), (3.19b) and (4.6), it follows that

AM(J)QM(J) + M (J)QAM(J)
~ L) + ABDT)AAW) - AD)
+ (A(J)* — A() (AH()T + AH(J)T)Q]Q
= ‘i—j[AH(J)mA(J)* — AH(J)TQA(J)
+ A(JYAH(J) Q- A()AH(J)TQIQ
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g

=1 [QQF(Z; NFQF )0+ Q%F(Z; HTTIQFR D)0

ol

1

YO

(A(J)*Q%F(l; NTIQF ;D) TTAI)*Q

+ A(J)Q%F(l; J)TIQFR(, J)*lA(J)Qﬂ ,

then from (4.13b), (3.19b) and (4.6) we obtain
AM()QM (J) + M(J)QAM(J)
- %[AM(J)QM(J) + M(J)QAM(J)

+ (AM())QM(J) + M(J)QAM(J)) "]

12 a2y

- (A S DALY+ A0 Z A0 AD)) |2
o 2
- SM{Z)Q {m(l)z% (A(D) +A()") — %(A(Z)Q) (A(J) + A(J)*)} 0
20 5 5
= xap’ T (4.14)

This result shows that the double transformation (4.10) preserves the condition
(3.1b) provided Ap = #7)2/)7 and we can also verify, by direct calculations, that
*d(Ap) = d(Az) as desired.

Now we consider the equation satisfied by the transformed fields. From (3.10),
(3.13), (3.14), (4.12) and (4.14), we have

2(Az + Ap*)dH(J) = 20(z + p*)A(1) " dH(J)
- %(H(J) +H() O ). (4.15)
Moreover, from (4.10), (3.13), (3.14) and (3.17) we obtain
dAH(J) = ol(1;J) + o J?[D(1; )Q, F(l; J)F(1;J)7YQ. (4.16)

Multiplying (4.16) from left by 2(z+p*) and using (3.10) and (4.16) again, it follows
that

2z + p*)dAH(J) = o[(H(J) + H(J) "), F(1; J)F(1; J) T J)
+ (H(J)+ H(J)H)QdAH(J). (4.17)
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On the other hand, from (4.10), (3.12), (3.16) and (3.19b) we have
(AH(J) +AH(J))HQdH(JT)
= J2ol ME NF DT+ QF (1 0) TR D) TIQANT( )
= o[(H(J) + H(J))Q, F(; J)F (15 1) (1 )
+ ol Y (H(J)+ H(J)HQrd; J). (4.18)
Finally, (4.15), (4.17) and (4.18) give
2(Az + Ap*)dH(J) +2(z + p*)dAH(J)
= (AH(J)+AH(N)HQdH(J) + (H(J) + H(J))QdAH(J).  (4.19)

The above results show that (4.10) is indeed a double symmetry transformation
of Eq. (3.10) with conditions (3.1a), (3.1b).
Similarly, we can prove that (4.11), which gives Az = 5\(555)2 [2(s —22) — 2p?] and

Ap= ;(5;;2 p, is also a double symmetry transformation of the EKR theory.

5. Infinite-Dimensional Algebra Structures of the
Double Symmetries

From the structures of the double transformations (4.2) and (4.9), we expand the
right-hand sides of them in powers of [ and s, respectively, as

SH(J) = i "SMWH(), (5.1a)
n=0
SH(J) = i s H(J), (5.1b)

where the analytic property of F(I;J), F(s;J) around I = 0, s = 0 is noted. Each
of 8 and §(™) satisfies the same equations and conditions as § and & do, thus
we have, in fact, constructed infinite many infinitesimal double hidden symmetry
transformations of the EKR theory. The algebraic structures of these transforma-
tions can be obtained as follows. Noticing the dependence of (4.2), (4.9) on the
parameters [, s and the infinitesimal constants a® in T', we denote the correspond-
ing transformations by d, (1), b (s), respectively. Thus we have

[66(1), 05 (1N1H(])

= —JQ% (6s(IVF(1; J)F(L; J) Y F (L J)TLF(l1; 7)1 Q

+JQ%m(z)F(z';J)F(l’;J)*l,Fw;J)TgF(l’;J)*l]Q7 (5:2)



Ezxtended Double-Complex Linear Systems 503

= 421[&,(5)5’(1; NE(; )Y F(l; )T F(1; J) 70
256 (1) F (s3.)F (s5.0) ", F(s; J)TpF(s;.7) '], (5.3)
[0 (5), 65(s ) H ()
= J25[05(s")VF(s;J) F(s; )Y, F(s; J)TuF(s; J) 710
— T2 Pu(s)F (s J)F(s'; J) "L F(s'; NTF(s'; )7HQ,  (5.4)

where T, = o®Ty, S()F(L; J)=F(,H(J)+(")H(J); J) — F(l,H(J); J), etc.

To obtain the above commutators explicitly, we need the variations of F(I;.J),
F(s;.J) induced by §(I")H (J), d(s')H(J). It may be verified by tedious but straight-
forward calculations that we can take

0a(VE (15 T) = s [P T (U3 1) = F(LN)ToF (D) E (L), (5:5)
ba(s)F(1;J) = - l_Sls [F(s; NToF(s; )" — F(l; NTLF(1; J)"YF(1;0),  (5.6)
Sall)F(55.7) = = [F (5 ) TF (5. 0) ™ = Flss TP (s 1) 1F(s0), (5.7

~ S,

ba(s)F(s;J) =

— [F(s"s NTWF(s'; J)™ = F(s; J)ToF(s; J) Y F(s;J)  (5.8)
such that F(I;J) + 6,(I')F(1; ), F(I;J) + da(s)F (I; J) satisfy the same Eq. (3.17)
and conditions (3.18), (3.19) as F(I; J) does; while F(s; J) 4 64 (1)F (s J), F(s; J)+
ba(s')F(s;J) satisfy the same Eq. (3.25) and conditions (3.26) as F(s; J) does.

Substituting (5.5)—(5.8) into (5.2)—(5.4), using (4.2), (4.9) again and writing
da(DVH(J) = a®5,(1)H(J), etc., we obtain

a b
500,550 () = S0 08, (8. H() - Vs.(VHW)) . (5.9
(D), 9p(s) H(J) = 7— o) 7= Clp (150 (DH () + de(s) H(J)) , (5.10)
~ ~ aa b ~
(), B3 NH(T) = 22508, (55) BT — sielsHHED) . (5.11)

where C¢,’s are structure constants of the Lie algebra o(d, d). Writing (5.1a), (5.1b)
in the explicitly « related forms as

Sa(DVH(J) = a2 i " H(J), (5.12a)
Sa(s)H(J) = a® i s H(T) (5.12b)

m=1
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and then expanding both sides of (5.9)—(5.11), we finally obtain

(300,85 | H(T) = Co6m ™ H(T), o =0,41,42,..,  (5.13)

where Jl(fm)H(J) = ng)H(J) for m
transformations {(5&”), n = 0,%+1,£2,.
m algebra (without center charge).

Now we consider transformations (4.10), (4.11). They can be expanded as

1. Thus, the infinite set of symmetry

>
..} constitute a double affine Kac-Moody

AH(J) =0 I"AMH(J), (5.14a)
n=0
AH(J) =€ 3 sTAMH(T). (5.14b)

Thus we obtain another infinite set of double symmetry transformations {A(”),
A n=0,1,2,...;m=1,2,.. .} of the EKR theory. To calculate their commu-
tators, we first denote (4.10), (4.11) by A, (1)) H(J), Ac(s)H(J), respectively, and
then have

[AU(Z)7 Ay (ll)]H(J)

0% (An (IF(; )F(; )10
)

—J? ’W(AJ(Z)F(Z'; AT AT ARIY)

+ J2o (A (F(; )F (L D)"Y E( J)F(; )70
— 2 A FW D FE )L W) F )7, (5.15)
[As (1), Ac(s)|H(J)

= J2

= JQJ%(AG(S)F(Z; J)F(l;7)7H)Q

+ J%s;?a2 (A ()E(s; J)F(s;.7)7 )0

S

+ J20[A(s)F(I; YF(1; J)~Y F(1; J)F(1; J)HQ

+ J2es? (A, () EF(s; ) F(s; )L F(s; J)F(s; J)71Q, (5.16)

+ J2SPAS)E (s DE (s 1) (s, DE(s; ). (5.17)
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As for Ay (I)F(1;J), Ag(1)F(s;.J), etc., we propose

Ag(IYF(l;J) = aﬁ[lﬁ’(l; NF)) " = UVEW, DFW; ) F ), (5.18)

Ac(s)F(l;J) = elslf - {zF(z; DVE(L D)+ sE(s; ) E(s; )" + %} F@;J), (5.19)

A()F(s;J) = o {sﬁ’(s; NE(s; )P+ 1R D F(1T) 7 + %} F(s;J), (5.20)

/
S

Ac(s)F(s;J) = € [sE(s; J)E(s; ) — S B(s s )E(s, ) E(s; ). (5.21)

s—s
By some lengthy but straightforward calculations, it can be verified that (5.18),
(5.19) are double symmetry transformations of Eq. (3.17) with conditions (3.18),
(3.19); while (5.20), (5.21) are double symmetry transformations of Eq. (3.25) with
conditions (3.26).

Substituting (5.18)~(5.21) into (5.15)~(5.17) and using (4.10), (4.11) again, it
follows that

(VAL (1) H () — lAg(l)H(J))} , (5.22)

al |ls—1
resl [Zs (18,0 H() — 57 AU(S)H(J))} , (5.23)
[A6(8>7 Ao (Sl)]H(J)
— e | (R () H(T) — 5 A H(T
_68@{55'( o (8)H(J) =" Ae(s) ())}

By using (5.14a), (5.14b) to expand both sides of (5.22)—(5.24), we obtain
A ACH(T) = (m —n)A™H(T), m,n=0,+1,42,..., (5.25)

where we have written AC™H(J) := AMH(J) for n > 1. This shows that the
infinite set of symmetry transformations {A("), n =0, £1, £2,...} constitute a
double Virasoro algebra (without center charge).
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Next we investigate the commutators between the members of {6(™} and
{AM}. For example, from (4.2), (4.10), (5.5) and (5.18) we have, by some cal-
culations

ol 1

[AU(Z)v 611(8)]H(J) = Ua E(Z(%(Z)H(J) — séa(s)H(J))
—o L wa) + o Lo m(). (520

Similarly, we can give out the expressions of [Aq (1), 6a () H(J), [As(1),0a(s)|H(J)
and [A,(1),04(s)]H(J). Then by using (5.12a), (5.12b) and (5.14a), (5.14b) to

expand both sides of these results, we finally obtain
AT STNH(T) = —néMYYVH(T), myn=0,+£1,42,.... (5.27)

Equations (5.13), (5.25) and (5.27) show that the symmetry transformations
(4.2), (4.9)—(4.11) give a double representation of semidirect product of the affine
o(/d,\d) and Virasoro algebras. These give expression to that the infinite-dimensional
symmetry structures of the EKR theory contain not only the double Kac—-Moody
m algebra but also the double Virasoro algebra and demonstrate that the theory
under consideration possesses richer symmetry structures than previously expected.

6. Summary and Discussions

By using the so-called ED-complex function method,3? the previously found double-
ness symmetry2® of the dimensionally reduced EKR theory is further exploited in
the present paper. A double-complex H-potential H(J) is introduced in (3.8) and
the motion equations of the EKR theory are written as a double-complex form
(3.10). Moreover, we also find that the theory under consideration has more double
symmetries which make us be able to establish a pair of ED-complex HE-type linear
systems (3.17)—(3.19), (3.25), (3.26). Based on these linear systems, we explicitly
construct the set of double symmetry transformations (4.2), (4.9)—(4.11). These
symmetries are verified to constitute double infinite-dimensional Lie algebras, each
of which is a semidirect product of the Kac-Moody m and Virasoro algebras.
These results show that the ED-complex method is necessary and more effective.
Some of the results in this paper cannot be obtained by the usual (non-ED-complex)
scheme.

We would like to indicate that although Egs. (3.17) and (3.25) are, in form,
interrelated by ¢ «» w = 1/t, the analytic properties of F(t;.J) and F(w;J) as well
as the conditions (3.18), (3.19) and (3.26) do not have this interrelation, therefore as
whole ED-complex linear systems they are different and give rise to different parts
of symmetries of the EKR theory. From (5.12)—(5.14), (5.25) and (5.27), we can
see that the double symmetry transformations (4.2), (4.10) constructed by using
F(t; J) give only the “nonnegative index” part of the “complete” double infinite-
dimensional Kac—-Moody—Virasoro symmetry algebra and constitute a double sub-
algebra, while the double symmetry transformations (4.9), (4.11) constructed by
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using F (w; J) give the “negative index” part of the “complete” double infinite-
dimensional symmetry algebra and do not constitute any subalgebra (only is a
double subset of the whole symmetry algebra).

Finite symmetry transformations relating to the above infinitesimal ones and
soliton solutions of the studied theory need more and further investigations and
will be considered in some forthcoming works.

Acknowledgments

This work was supported by the National Natural Science Foundation of China and
the Science Foundation of the Education Department of Liaoning Province, China.

References

1. J. Maharana and J. H. Schwarz, Nucl. Phys. B 390, 3 (1993).

A. Sen, Nucl. Phys. B 434, 179 (1995).

A. Sen, Nucl. Phys. B 447, 62 (1995).

D. V. Gal'tsov, Phys. Rev. Lett. 74, 2863 (1995).

J. Maharana, Phys. Rev. Lett. 75, 205 (1995).

J. Maharana, Phys. Lett. B 348, 70 (1995).

J. Maharana, Mod. Phys. Lett. A 11, 9 (1996).

I. Bakas, Nucl. Phys. B 428, 374 (1994).

9. A. K. Biswas, A. Kumar and K. Ray, Nucl. Phys. B 453, 181 (1995).
10. A. Kumar and K. Ray, Phys. Lett. B 358, 223 (1995).

11. D. V. Gal'tsov and O. V. Kechkin, Phys. Lett. B 361, 52 (1995).

12. D. V. Gal'tsov and O. V. Kechkin, Phys. Rev. D 54, 1656 (1996).

13. D. V. Gal'tsov and S. A. Sharakin, Phys. Lett. B 399, 250 (1997).

14. O. Kechkin and M. Yurova, Phys. Rev. D 54, 6132 (1996).

15. A. Herrera-Aguilar and O. Kechkin, Mod. Phys. Lett. A 12, 1573 (1997).
16. A. Herrera-Aguilar and O. Kechkin, Mod. Phys. Lett. A 12, 1629 (1997).
17. A. Herrera-Aguilar and O. Kechkin, Phys. Rev. D 13, 124006 (1999).
18. S. Mizoguchi, Nucl. Phys. B 461, 155 (1996).

19. A. Das, J. Maharana and A. Melikyan, Phys. Lett. B 518, 306 (2001).
20. A. Das, J. Maharana and A. Melikyan, Phys. Lett. B 533, 146 (2002).
21. A. Das, J. Maharana and A. Melikyan, Phys. Rev. D 65, 126001 (2002).
22. O. Kechkin, Phys. Lett. B 552, 166 (2001).

23. O. Kechkin, Phys. Rev. D 65, 066006 (2002).

24. A. Herrera and O. Kechkin, Int. J. Mod. Phys. A 17, 2485 (2002).

25. A. Herrera and O. Kechkin, J. Math. Phys. 45, 216 (2004).

26. Y. J. Gao, Int. J. Mod. Phys. A 21, 361 (2006).

27. 1. Hauser and F. J. Ernst, J. Math. Phys. 21, 1126 (1980).

28. Y. S. Wu and M. L. Ge, J. Math. Phys. 24, 1187 (1983).

29. Y. S. Wu, Phys. Lett. A 96, 179 (1983).

e N A

30. B.Y. Hou and W. Li, Lett. Math. Phys. 13, 1 (1987).

31. W. Li, Phys. Lett. A 129, 301 (1988).

32. Y. J. Gao, Z. Z. Zhong and Y. X. Gui, J. Math. Phys. 38, 3155 (1997).
33. Z.Z. Zhong, J. Math. Phys. 26, 2589 (1985).

34. W. Kinnersley, J. Math. Phys. 18, 1529 (1977).



